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4. So, due to proven convexity of squares and from norm properties, we obtain:

I(v) = ‖αBu(v1) + (1− α)Bu(v2)− z‖2 ≤ ‖αBu(v1) + (1− α)Bu(v2)‖2 ≤ (5)

≤ (‖αBu(v1)‖+ ‖(1− α)Bu(v2)‖)2

5. From (5), going to scalar product form and estimating, we finally obtain:

I(v) = ‖αBu(v1) + (1− α)Bu(v2)− z‖2 ≤ ‖αBu(v1) + (1− α)Bu(v2)‖2 = (6)

= (αBu(v1) + (1− α)Bu(v2), αBu(v1) + (1− α)Bu(v2)) < αI(v1) + (1− α)I(v2) ≤
≤ 1

2
I(v1) + 1

2
I(v2) = min I.

So, assuming two minima v1,v2 existence, we got contradiction (for somewhat v, value I(v)
is less than global minimum of I, which is impossible). The contradiction proves the theorem,
Q.E.D.
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The steady states and traveling wave solutions of the Heisenberg and M-I spin systems
were recently studied in [1], where the steady states and traveling wave solutions of the 1+1
Heisenberg spin system were obtained using spherical coordinates on the unit sphere. Analogous
solutions for the M-I 2+1 spin system were also discovered in [1]. We then studied the extension
of the Heisenberg system to the corresponding 2+1 Landau-Lifshitz-Gilbert (LLG) equation,
which includes a dissipation term with a small parameter λ [2,4]

~St = ~S × ~Sxx + λ(~Sxx − (~S · ~Sxx)~S), ~S = (u, v, w), u2 + v2 + w2 = 1 (1)

Equation (1) is the isotropic case of LLG equation, for which it is known that it can be mapped
to a damped, non-local nonlinear Schrödinger equation [2]. Proceeding in a manner analogous
to [1] we have also obtained steady states and traveling waves for the the LLG equation. As
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in [1], the graphs of these solutions can constructed by plotting u, v, w variables as functions
of x, or η = x − vt, respectively. Thus, including the damping parameter the graphs of these
solutions can be similarly obtained and graphically illustrated.

Funding: This research is funded by the Science Committee of the Ministry of Education and Science of the Republic
of Kazakhstan (Grant No. AP08856381).

Keywords: Heisenberg equation, nonlinear Schrödinger equation, steady state, traveling wave solution

2010 Mathematics Subject Classification: 34A34, 34B15, 35C07

References
[1] Bountis T., Zhunussova Zh. and Dosmagulova K. Steady states and travelling wave solutions of the Heisenberg

and M-I spin systems, Nonlinear Phenomena in Complex Systems, 22 (2019), 116–127.
[2] Lakshmanan M. The fascinating world of the Landau-Lifshitz-Gilbert equation: An overview, Phil. Trans. R.

Soc., A 369 (2011), 1280–1300.
[3] Lakshmanan M., Daniel M. Perturbation of solitons in the classical continuum isotropic Heisenberg spin system,

Physica, A 120 (1983), 125–152.

[4] Bountis T., Zhunussova Zh., Dosmagulova K., Kanellopoulos G. Integrable and Non-Integrable Lotka-Volterra

Systems, Physics Letters A, (2021), Preprint submitted for publication.

— >>> —

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2021


